Introduction
This is a report on some results of a joint paper with the same title. Let ∆ be a simplicial complex on the vertex set [n] = {1, ..., n}. Let F (∆) denote the set of the facets of ∆. We call an integral vector c = (c 1 , . . . , c n ) ∈ N n a cover of order k or a k-cover of ∆ if i∈F c i ≥ k for all F ∈ F (∆). If c is a (0, 1)-vector, then c may be identified with the subset C = {i ∈ [n] : c i = 0} of [n] . It is clear that c is a 1-cover if and only if C is a vertex cover of ∆ in the classical sense, that is, C ∩ F = ∅ for all F ∈ F (∆).
Let S = K[x 1 , . . . , x n ] be a polynomial ring in n variables over a field K. Let A k (∆) denote the K-vector space generated by all monomials x c 1 1 · · · x cn n t k such that (c 1 , . . . , c n ) ∈ N n is a k-cover of ∆, where t is a new variable. Then
is a graded S-algebra. We call A(∆) the vertex cover algebra of ∆. It is shown in [8] that A(∆) is the symbolic Rees algebra of the ideal
where P F denotes the ideal of S generated by the variables x i with i ∈ F , and that A(∆) is a normal Cohen-Macaulay domain. From this one can deduce the following result.
Corollary 1.1. The following conditions are equivalent:
is normally torsionfree (i.e. all powers of I * (∆) have the same associated prime ideals), Moreover, if one of these conditions is satisfied, then the Rees algebra of I * (∆) is a normal Cohen-Macaulay domain and the associated graded ring is Cohen-Macaulay.
Notice that ideals of the form I * (∆) are exactly squarefree monomial ideals.
Problem. When is the vertex cover algebra A(∆) standard graded?
Standard vertex cover algebras
For every integral vector c ∈ N n let o(c) denote the maximal order of c and σ(c) the maximum number k such that c can be written as a sum of k 1-covers of ∆. We always have σ(c) ≤ o(c). It is obvious that A(∆) is standard graded if and only σ(c) = o(c) for all c ∈ N n . Let C 1 , ..., C m ⊂ X be the minimal vertex covers of ∆. Let ∆ * denote the simplicial complexes whose facets are C 1 , ..., C m . Let M be the facet-vertex incidence matrix of ∆ * . Then we have the following formulas for o(c) and σ(c) in terms of M.
Following the terminology of hypergraph theory [2,
This definition applies to an arbitrary simplicial complex with suitably adopted notation. The Mengerian property is also known under the name max-flow min-cut property in integer linear programming.
Theorem 2.2. The vertex cover algebra A(∆) is standard graded if and only if ∆ *
is a Mengerian simplicial complex.
As ∆ = (∆ * ) * , this result can be reformulated as follows. 
(M is now the incidence matrix of ∆ and 0 is the vector of zero components) has only integral vertices and the Rees algebra of I(∆) is a normal domain. On the other hand, Escobar, Villarreal and Yoshino [3, Proposition 3.4] showed that the latter conditions are satisfied if and only if the associated graded ring of I(∆) is reduced. Hence, Corollary 2.3 can be deduced from their results. It is not hard to see that Q(∆) has only integral vertices if and only if the normalization of the Rees algebra of I(∆) coincides with the symbolic Rees algebra. Therefore, one can also recover the two afore-mentioned results from Corollary 2.3. 
Cycles of simplicial complexes
Let ∆ be a simplicial complex. A subcomplex of ∆ is a simplicial complex Γ such that the facets of Γ are facets of ∆, denoted by Γ ⊆ ∆. The aim of this section is to study simplicial complexes for which the vertex cover algebra of every subcomplex is standard graded.
We are inspired of the result of [8] (see also [6] ) that the vertex cover algebra of a simple graph is standard graded if and only if the graph is bipartite. This implies that the vertex cover algebra of every subgraph of a bipartite graph is standard graded because subgraphs of a bipartite graph are also bipartite. It is well-known that a simple graph is bipartite if and only if it has no odd cycle. It turns out that the notion of cycle is the right tool to characterize the above kind of simplicial complexes.
A cycle or, more precisely, an s-cycle of ∆ (s ≥ 2) is an alternating sequence of distinct vertices and facets
A cycle is special if it has no facet containing more than two vertices of the cycle. Notice that a cycle of a graph is always special.
In the simplicial complex of Figure 2 , the cycle 1, {1, 2, 4}, 2, {2, 3, 4}, 3, {1, 3, 4}, 1 is special, whereas the cycle 1, {1, 2, 4}, 2, {2, 3, 4}, 4, {1, 3, 4}, 1 is not. (i) The vertex cover algebra A(Γ) is standard graded for all Γ ⊆ ∆, (ii) The vertex cover algebra A(Γ) has no generator of degree 2 for all Γ ⊆ ∆, (iii) ∆ has no special odd cycle. 
Figure 2
The proof is based on the following well-known result of Berge [1] Fulkerson, Hoffman and Openheim [5] showed that balanced hypergraphs are Mengerian. As a consequence, simplicial complexes without special odd cycle are Mengerian. By Corollary 2.3, this implies the following result on the simplicial complex ∆ * of the minimal vertex covers of ∆.
Theorem 3.3. Assume that ∆ has no special odd cycle. Then A(∆ * ) is a standard graded algebra.
As bipartite graphs are exactly graphs without odd cycle, we immediately obtain the following result of Simis, Vasconcelos and Villarreal [12] .
Corollary 3.4. Let G be a bipartite graph. Then the edge ideal I(G) is normally torsionfree.
Leaves of simplicial complexes
Let ∆ be a simplicial complex. A facet F of ∆ is called a leaf, if either F is the only facet of ∆, or there exists
The simplicial complex in Figure 4 has two leaves, namely {1, 2, 3} and {4, 5}. A simplicial complex ∆ is called a forest, if each subcomplex Γ of ∆ has a leaf. A forest is called a tree if it is connected [4] .
The simplicial complex in Figure 4 is a tree. However the simplicial complex in Figure 2 is not a tree.
These notions were introduced by Faridi [4] , who showed that the Rees algebra of the facet ideal of a tree is a normal Cohen-Macaulay domain. We shall see that this is a consequence of the following characterization of forest. As a consequence, if ∆ is a forest, then the symbolic powers of the facet ideal I(∆) coincide with the ordinary powers. This is stronger than Faridi's result.
A hypergraph without special cycle of length ≥ 3 is called totally balanced. The proof is based on a characterization of totally balanced hypergraphs by means of the incidence matrix.
Let M be a matrix of integers with rows a 1 , ..., a m and column b 1 , ..., b n . We say that M is canonical if a 1 ≺ · · · ≺ a m and b 1 ≺ · · · ≺ b n . A canonical form of M is a canonical matrix which can be obtained by permuting the rows and the columns of M. It is well-known that every matrix of integers has a canonical form.
Hoffman, Kolen and Sakarovitch [9] and Lubiw [10] showed that a hypergraph is tottaly balaced if and only if the incidence matrix of ∆ has a canonical form which contains no submatrix of the form
The proof of Theorem 4.1 also reveals an interesting relationship between forests and a special kind of leaves.
A leaf F of a simplicial complex ∆ is called a good leaf if F is a leaf of each subcomplex of ∆ to which it belongs. Equivalently, F is a good leaf if the collection of sets F ∩ G with G ∈ F (∆) is totally ordered with respect to inclusion. The name is due to Zheng [14] , who showed that good leaves have nice algebraic consequences. The existence of a good leaf in a totally balanced hypergraph was shown recently by Pelsmajer, Tokaz and D.B. West [11, Theorem 3.3] , where good leaf is named simple edge. However, their proof is more complicated and needs some backgrounds.
